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Abst ract - -We compute the adjoint generator for the infinitesimal generator ¢4 of a C0-semigroup. 
The operator .A is associated with a particular scalar nonatomic neutral equation. 
1. INTRODUCTION 
Approx imat ion  of control problems for systems governed by retarded differential equations us- 
ing semigroup theoret ical  f ramework has been studied in recent years and a "complete" set of 
guidel ines for the construct ion of numerical  schemes, appropr iate  for control design purposes, has 
been formulated (see [1,2] for details).  In order to extend these results to more general hered i tary  
systems, i.e., neutra l  and singular neutral  equations, it can be very helpful to have an explicit  
character izat ion of the adjoint generator  associated with the equation at hand. The main objec- 
tive of this short  note is to indicate the steps involved in such a computat ion by concentrat ing 
on a part icular  s ingular neutral  differential equation. 
2. C0-SEMIGROUP FOR A NEUTRAL EQUATION 
WITH A NONATOMIC OPERATOR 
We consider the nonatomic operator  D defined by 
f De = ¢(s) I,I -~ ds, (2.1) 1 
with 0 < a < 1. It is to be noted that D is bounded on C[-1,  0] for all a E (0, 1) and is bounded 
on Lp = Lp(-1,0)  i fp  > 1 / (1 -  a); however, D is unbounded yet densely defined on Lp when 
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p< I /( l-a). 
(NFDE) 
Associated with the operator D, is the neutral functional differential equation 
d 
-~ Dx~ = Lxt, t > 0, (2.2) 
and initial condition 
Dx0=r}, x0=¢,  (n ,¢ )CRxL  v. (2.3) 
Here we assume that the linear operator L belongs to B(WI'v(-1, 0); R). Problem (2.2)-(2.3) 
has been studied extensively (see, e.g., [3,4] and the references therein) using semigroup theory 
1 
on product spaces. For the case p = 2 and ~ < a < 1 results in [4] implying the following. 
THEOREM 2.1. For each (~,~b) 6. R x L2 the initial value problem 
0 t Dxt = I1 + Lx~ ds, t_>O, xo=~,  (2.4) 
has a unique solution x(.;~b) defined a.e. on [0,+cc). Moreover, the family of operators 
S(t)(T}, ~b) = (Dx,,  x,), t > 0 defines a Co-semigroup on R × L2. 
The initial value problem (2.4) can he viewed as the integrated form of the NFDE (2.2) with 
Ox0 = De = r I. The infinitesimal generator A of the semigroup S(t)(T}, ¢) = (Ozt, x,) associated 
with (2.2)-(2.3) is defined on domain 
/)(-4) = {(r/,~b) E R x L2: ~b E WI'2((-1, 0); R), De = r/} (2.5) 
by 
.4(0, ¢) = (L¢, ~). (2.6) 
An important consequence of Theorem 2.1 is that .4", the product space adjoint of operator .4 
(defined by (2.5)-(2.6)), also generates a Co semigroup on R x L2 (see [5]). An explicit char- 
acterization of ,4* can be useful when one considers approximate solutions for optimal control 
problems associated with the NFDE (2.2). In particular for bounded input operater B, it is 
known (see [1,2] for details) that for convergence of the gain operators, corresponding to finite 
dimensional pproximations of the abstract Cauchy problem 
~(t) = .4z(t) + Bu(t), z(O) = zo e R x L2, (2.7) 
it is essential that 
sN(t )  ~ S(t) and sN* (t) ~ S ' ( t )  strongly as N ~ oo, (2.8) 
where sN(t )  and S IV" (t) denote the semigroups generated by the approximating generators .AN 
and -4N*, respectively. In addition to (2.8), other conditions are needed to guarantee convergence 
of the feedback gain operators (see [2]). Note that to establish the validity of condition (2.8) 
via the Trotter-Kato semigroup approximation theorem [5] one needs to show the convergence of 
A N. to .4*. We provide the details of the computation of the adjoint of .4 for a special form of L 
in Section 3. 
3. THE ADJOINT OPERATOR 
We consider the operator A defined by (2.5)-(2.6) with the operator L appearing in (2.6) 
having representation 
L¢ = A ¢(0) + B ¢(-1) (3.1) 
for ~ E W1'2((-1, 0); R) where A and B are scalars. Throughout the remainder of this paper, we 
1 
shall assume that a satisfies ~ < a < 1 and define the function 7 : (-1,0) ---* R by ~'(s) = ( -s ) -% 
Consequently, the function ~ belongs to LI(-1, 0) but does not belong to L2(-1,0). 
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THEOREM 3.1. Let.A, L andT(.) bedefined by(2.5)-(2.6), (3.1)andv(s) - ( -s )  -a, -1  < s < O. 
//'.4* denotes the adjoint of .A then the domain of.A* is given by 
/)(.,4*) = /(/~,~) ~ R x L2(-1,0) : ~b E AC[-1,0],  ~b(0) - NA ~ ~b(-1) B~, 
J --~0- 8 
and :or (/~, ~) e v(.A*) we have 
with 
.A'(:,,~) = (A,~) e ~ × L~, 
/~= ,-o-lim (~(s ) -  ~(0)s (-s)~(a - 1)) ' 
~(s) - -[~(s) -I- (-s)~/31 a.e. on [-1,0 I. 
(3.2) 
(3.3) 
Recall (/~, ~b) E R x L2(-1, 0) is in/)(.4*) if and only if there exists (/3, ~) ~ R x L2(-1,0) 
Our first step will be to assume that a pair (/3, ~) E R x L2(- I, 0) exists such that (3.4) holds for all 
0}, if) E ~)(.A) and determine necessary conditions for/3 and ~b where (/3, ~b) is the corresponding 
element in/)(.4*). The assumption that (3.4) hold on ~)(.A) yields 
(.A(~/,@), (f~,~b)) - (07,@), (/3,~)) = [A@(0) + B~(-1)]/~ 
// + (~(s) ~(s) + [-(-s) -~ ~-  ~(s)] ~(s)) ds = 0, (3.5) 
1 
for all (17, @) e D(.A). If we consider the above equality for all (~/, @) e/)(.,4) satisfying @(0) - 
~b(-1) = 0 then we have that 
/ / (~(s)¢(s)  + [-((-s)-~ + ~(s))l~(s)) = O, ds 
1 
((,~,~), (A,~)) = 
f = (D~b) ~ + ~(,),~(,) ds 1 
; // = (-s)-",(s) ~ ds + ,(s) ~(s) ds 
1 1 
// = [( -s)  -~ B + ~(s)l , i s )  ds. 
1 
and 
(.A01 ,@), (~, ~b)) - ((L ~b, ~), (/~, ~)) 
Z ° 
= (L ~1 ~ + ~(.) ,~(,) d, 
-1  Z 0 
- (A~(O) + B~( -1) )~ + i~(,),~(,)d,, 
-1  
PROOF. 
such that 
(.A(~, ~), (~, ~)) - ((~, ~), (A ~)) = o, (3.4) 
for all 01,@) E ~(.A), and in this case .4*(/3, ~b) = (/~, ~). Here < .,. > denotes the inner product 
in R x L2(-1,0). We note that the two left hand side terms in (3.4) satisfy, for (T/,@) e ~)(.A), 
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for all ¢ • W1,2((-1, 0);R) having compact support on [-1,0]. 
lemma of the calculus of variations implies that 
¢ • AC[-1,0], and ¢(s) = - [ ( -s ) -~/)  + ¢(s)] a.e. on [-1,0]. (3.6) 
The conditions given by (3.6) together with equality (3.5) yield 
10 [A ¢(0) + B ¢(-1)]/3 + [¢(s)¢(s)]'ds=O, (3.7) 
-1 
for all (t/, •) • D(.A). Integrating the second term of (3.7) gives 
¢(0)[A/~ + ¢(0)] + ~b(-1)[B fl - ¢(-1)] = 0, (3.8) 
for all (t/,¢) • l)(v4). We employ (3.8) first with ¢ satisfying ¢(-1) : 0, ¢(0) = 1 and then with 
¢(0) : 0, ¢(-1) = 1 to obtain the additional conditions 
¢(0) = -A/~, ¢(-1) = B/?. (3.9) 
We have shown that if (/~, ¢) • :Z)(A*) then the conditions given in (3.6) and (3.9) must hold. 
We recall that (/), 4) • }1 x L2(-1, 0). Conditions (3.6) implies that 
d [ -¢ (s )+ (7)---~ +1/)] a.e. on [-1,0]. 
In particular, we have that 
'~(') + 7(')/) • L2(-1,0). (3.10) 
The function ¢(s)+(( -s)  -~+1/))/( l -a) ,  with/) • R, is in L2(-1,0) and is absolutely continuous 
(--8)--a+l/) W1,2" on[-1,0]. However, since V] belongs to L2(-1, 0), it follows that ¢(s) -~ ~-~--~-~) • The 
function ¢ is integrable over [s,0], for -1 < s < 0, and 
f0  ^ (u) du = -¢ (0)  + ¢(s) ( -s ) -~+1 ~,
1- -a  
which yields 
/) a - - ( - s )  ~-1 . jo 4( - )  d..  [¢(0) - ¢(s) ] ( -s )  ~-1 + 1 - 
EquMi ty  (3.11) together with Hhlder's inequality for integrals yields the estimate 
< I -  s l~- l ( - s )  1/2 II¢IIL~ 
-< ( - s )  ~-1/2 II@IL~, 
for all s E (-1,0). Hence, it follows that/) must satisfy 
that is 
lim [¢(0) - ¢(s)] (-s) ~-I - - /)  
, - .o -  1 - a '  
/ )= ,-o-lim / [  ')(0) - ¢(s) ] s  (-s)~(1 - a) / " 
Consequently the fundamental 
(3.12) 
(3.11) 
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We note that equality (3.12) implies that 
lim [~b(O) -~(s ) ( _s )~ l= /~ ,--.0- s (1 - a----) • R. (3.13) 
Consequently, condition (3.13) must be added to conditions (3.6), (3.9) and (3.10) as a neces- 
sary condition for (/~, ~) • :D(.A*). Equality (3.12), conditions (3.13) and (3.10) together with 
a -/~/(1 - a) yield the necessary condition 
~(') - 7(') a(1 - a) • L2(-1, 0). (3.14) 
Consequently, we have that/)(.A*) contains the set described by the left hand side of (3.2). 
On the other hand if (/~, ~) E R x L2(- 1, 0) is such that (/~, ~) is a member of the set described 
by the right hand side of (3.2) then we can pick (/~,~) E R x L2(-I,0) as 
/~= .-.0-1im [~(0) -  ~b(S)]s ( - s )~(1 -  a)'  
and 
= -[(b(.) + 7(.) 
It follows that 
- ((7, = 0, 
for all (T/, ~b) E :D(.A). Therefore, we have that (/~, ~) E :D(.A*). 
We now can conclude that :D(.A*) is indeed given by (3.2). Condition (3.3) follows directly 
from (3.4) and the identities for/~, ~ given above. 
We conclude this paper with the following observation for (/~, ~) E :D(.A*). 
(01) If ~(0-)  exists then ~ = 0 and ~ E L~(-1,0). 
(02) If ~ E L2(-1,0) then/~ = 0 and ~(s) - ~(0) _ o( (_s )_ , )  as s ~ 0- .  
8 
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